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This paper investigates the possibility of improving aircraft landing gear touch-down
performance by adding an inerter alongside a linear passive shock strut. The inerter is
a novel mechanical element with the property that the applied force is proportional to
the relative acceleration between its terminals. A simpliﬁed landing gear model is pre-
sented and the baseline performance of a conventional oleo-pneumatic shock absorber
is established. Candidate layouts with linear mechanical components including inert-
ers are considered using three objective functions: the strut eﬃciency, the maximum
strut load and the maximum stroke. It is demonstrated that improved touch-down
performance can be achieved with a linear inerter-based conﬁguration. However it is
also observed that the potential energy stored in the gear at the end of the ﬁrst com-
pression stroke exceeds that of the baseline nonlinear system. This suggests a poorer
elongation stage might be observed. To address this, an additional constraint on energy
dissipation is then considered. To achieve a reduced potential energy, a double-stage
compression spring is introduced. With this, inerter-based conﬁgurations that provide
improvements for the performance indices of interest are identiﬁed and presented.
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I. Introduction
The shock absorber unit is often regarded as the critical component in the aircraft landing
gear [1]. This unit, together with other parts of landing gear such as the tires, is designed to
absorb landing impacts and any immoderate shocks transmitted to the fuselage as the aircraft taxis
over uneven surfaces [2]. Among all the design operation conditions, the landing touch-down case
determines the greatest energy dissipation requirement for the shock absorber and governs its general
performance accordingly [3]. Speciﬁcally, the design requirement is to dissipate all the impact energy
without causing the aircraft to rebound, while considering the greatest energy absorption eﬃciency
and the minimum gear load which represents passenger/crew comfort [4].
At present, most aircraft uses a passive oleo-pneumatic shock absorber due to its high strut
eﬃciency compared to other shock absorbers, alongside considerable energy dissipation ability and
good rebound control [5]. Apart from passive devices, active and semi-active control methods have
also been proposed as aircraft shock absorbers. Theoretical analysis and experimental validations
have been carried out to investigate the advantages of the actively controlled landing gears, such as
in [6, 7]. Moreover, diﬀerent control strategies have been considered for semi-active shock struts,
[1, 8, 9] are examples of such studies. Despite the potential beneﬁts of actively or semi-actively
controlled shock struts, potential issues remain regarding reliability and maintenance cost.
In the ﬁeld of vibration suppression, the inerter is a relatively new element [10]. Its properties
are that the applied force is proportional to the relative acceleration between its two terminals.
The introduction of inerter completes the analogy between mechanical and electrical systems, and
fundamentally enlarged the range of passive controllers that can be realized by mechanical networks.
Performance advantages have been identiﬁed for various systems, including vehicle suspensions [11
13], motorcycle steering systems [14, 15], building suspensions [1618] and railway vehicles [1921].
The inerter has been successfully deployed in Formula One racing since 2005 [22]. The eﬀects of an
inerter on landing gear shimmy behavior have been investigated recently in [2325]. In this paper
ideal inerters are considered, however a real inerter can have a limited bandwidth and may exhibit
nonlinearities. The eﬀects of these factors on vibration suppression systems have been reported in
[2628].
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In this paper we focus on improving aircraft touch-down performance using a passive shock strut
consisting of linear spring, damper and inerter elements. Baseline performances were identiﬁed
by considering a landing gear with a conventional oleo-pneumatic shock absorber. This paper
is organized as follows. In Section II, a simpliﬁed landing gear touch-down model is reviewed,
together with a brief introduction of a conventional oleo-pneumatic shock absorber. Several landing
touch-down performance criteria are then proposed. In Section III, the optimization procedure and
candidate shock-strut layouts are introduced. Beneﬁcial inerter-based shock-strut conﬁgurations
are identiﬁed for each performance index. In Section IV, a constraint on the energy dissipation is
implemented in the optimization process to maximize the strut eﬃciency and minimize the maximum
strut load. The possibility of using a double-stage supporting spring is then investigated, with
beneﬁcial conﬁgurations identiﬁed. Conclusions are drawn in Section V.
II. Landing gear touch-down model and performance criteria
In this section, a landing gear model and the dynamics of a conventional oleo-pneumatic shock
absorber are summarized. In the modelling process, the assumptions regarding some factors were
made for the purpose of simpliﬁcation: the eﬀects of wheel spin-up drag loads and ﬂexibility of the
aircraft structure were ignored; a constant damping oriﬁce discharge coeﬃcient and air-compression
exponent were assumed in the nonlinear shock absorber model. Further, detailed analyses of such
factors are available in the existing literature [2932]. The model validity was demonstrated via the
comparison between the calculated results and drop-test data [33]. Four performance criteria are
then proposed according to the design requirements.
A. Landing gear model
To model the touch-down behavior of the landing gear and aircraft, a two-degree-of-freedom
(2DoF) model shown in Fig. 1(a) (a modiﬁed version of Fig. 1(a) in [33]) is used. Note that this
model is designed to capture the ﬁrst compressive stroke of the shock strut, i.e., from initial contact
with the ground to the ﬁrst point at which the relative velocity of the shock strut is slowed to zero.
We deﬁne this point as the end of the touch-down process. Angle φ represents the rake angle of
the strut. The mass of the gear is split into that above the strut and that below it. M1 denotes
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the total of the upper gear mass and the fuselage mass acting on the gear and M2 represents the
lower gear mass. The vertical deﬂections of the two masses are represented by the two DoFs z1 and
z2, respectively. These deﬂections are zero just prior to contact being made with the runway. The
strut stroke ss measures the deﬂection of the shock strut and is expressed by
ss =
z1 − z2
cosφ
. (1)
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Fig. 1 View of (a) the dynamic system, (b) free-body diagram of the model.
Fig. 1(b) gives the free-body diagram of the touch-down model. The weight of masses M1 and
M2 is denoted as W1 and W2. The aerodynamic lifting force L and the tire force Ft are applied to
the two masses respectively. Speciﬁcally, the total aircraft weight is assumed to be fully balanced
by lifting force during the full touch-down process, i.e.
L = W1 +W2. (2)
The constant lifting force assumption is based on the fact that the compression stroke is suﬃciently
quick that the aircraft speed and lift may be considered constant over its duration. This assumption
is also used in [5]. Linear force-deﬂection characteristic of the tire is given by
Ft = ktz2, (3)
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where kt is the linear tire stiﬀness in vertical direction. The vertical force generated by the shock
strut is represented by Fsv, which is
Fsv = Fscosφ, (4)
where Fs is the strut force along the strut axis. The exact expression of Fs will be discussed in
Section II.B. Balancing the forces acting on the two masses, the equations of motion for this system
are written as follows:
W1
g
z¨1 + Fsv + L−W1 = 0, (5)
W2
g
z¨2 − Fsv + Ft −W2 = 0, (6)
where g denotes the gravitational constant. Eliminating Fsv gives
W1
g
z¨1 +
W2
g
z¨2 + Ft = W1 +W2 − L = 0, (7)
where the right-hand side of the equality makes use of the assuption given in Eq. (2). Note that a
normal impact condition is considered in this work and a descent velocity V0 = 8.86 ft/s is used at
the instant the wheels ﬁrst touch the ground [33].
B. A conventional oleo-pneumatic shock absorber
Fig. 2 illustrates the schematic view of a conventional oleo-pneumatic shock absorber. The
hydraulic ﬂuid is within the lower chamber of the strut and the pressurized gas is contained in the
upper chamber. When the strut is compressed, the ﬂuid is forced through the oriﬁce producing a
damping force. Meanwhile, the air is compressed by the piston and provides a gas spring force [34].
The internal friction forces between the bearing and cylinder walls are ignored in this work. Then
the total strut force can be expressed by
Fs = Fh + Fa, (8)
where Fh and Fa denote the hydraulic damping force and air spring force, respectively.
The hydraulic resistance in the shock strut results from the pressure diﬀerence associated with
ﬂow through the oriﬁce and provides a velocity-squared damping force, governed by
Fh = Ads˙s|s˙s|, (9)
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where the damping factor Ad can be expressed as
Ad =
ρAh
3
2CdAn
2 . (10)
Here ρ is the mass density of the ﬂuid, Ah is the hydraulic area, Cd is the oriﬁce discharge coeﬃcient
and An is the net oriﬁce area. According to the polytropic law for the compression of gas, the air
spring force is expressed as
Fa = pa0Aa(
v0
v0 −Aass )
n, (11)
where pa0 is the initial strut air pressure, Aa is the pneumatic area, v0 is the initial air volume and
n is the eﬀective polytropic exponent for the air-compression process. Further details of the shock
absorber model can be found in [33].
Air
Fluid
Oriﬁce
Aa
An
Ah
Fig. 2 Schematic view of the oleo-pneumatic shock strut (inspired by [33]).
The parameter values of the landing gear touch-down model and the conventional shock absorber
used in [33] and in this paper are summarized in Table 1. A few values (noted by *) were not given
in [33] but have been provided in Table 1 by matching the responses shown in [33].
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Table 1 The parameter values used in the analysis
Parameter Name Value Unit
Aa Pneumatic area 0.05761 ft
2
Ad
∗ Damping factor of oil damping 339.5 lbF · s2/ft2
g Gravitational constant 32.18 ft/s2
kt
∗ Vertical tire stiﬀness 18500.0 lbF/ft
n Polytropic exponent for air-compression process 1.12 -
pa0 Initial air pressure 6264 lbF/ft
2
v0 Initial air volume 0.03545 ft
3
V0 Descent velocity 8.86 ft/s
W1 Weight of upper mass 2411 lbF
W2 Weight of lower mass 131 lbF
φ∗ Rake angle 12.0 ◦
C. Proposed performance criteria
Based on the design requirements, namely, to dissipate all the impact energy with the greatest
energy absorption eﬃciency while minimizing gear load, four performance criteria are considered in
this work. Firstly, the shock-strut eﬃciency, ηs, is of signiﬁcant interest because it indicates the
energy absorption ability of the shock strut. Following [5], ηs is deﬁned as
ηs =
∫ ssmax
0
Fsdss
ssmaxFsmax
(12)
where Fsmax and ssmax are the maximum strut load and stroke during the touch-down process, as
shown in Fig. 3. The second criterion is the maximum load transmitted by the shock strut to the
fuselage, Fsmax. This is of signiﬁcance when considering passenger discomfort and the potential for
structural damage. Considering the space limit of a landing gear, the maximum strut stroke ssmax
is used as the third criterion. In addition, the kinetic energy of the aircraft at the end of touch-down
process is treated as the last performance criterion. Speciﬁcally, the absolute value of the aircraft
vertical velocity at the end of touch-down process, |Vend|, is used to represent such criterion, which
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is given by
|Vend| = |z˙1(tend)| , (13)
where tend marks the end of the compression stroke, when z˙1 − z˙2 = 0 for the ﬁrst time after the
wheels touch the ground. Each of the ﬁrst three performance criteria will be used as the optimization
objective function. Speciﬁcally, it is desirable for ηs to be maximized while Fsmax and ssmax should
be minimized.
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Fig. 3 Load-stroke curve obtained by the conventional oleo-pneumatic shock absorber.
III. Optimization results and energy analysis
In this section, four candidate shock-strut layouts are proposed. The response of the landing
gear with the conventional nonlinear oleo-pneumatic shock absorber is treated as the baseline.
Optimizations are carried out using three diﬀerent objective functions, the strut eﬃciency, the
maximum strut load and the maximum stroke. The beneﬁcial shock-strut conﬁgurations and the
corresponding performance beneﬁts are identiﬁed. In the following discussion, we use the notation
`L' to specify the mechanical network layout and `C' to specify the conﬁgurations which represent
optimized layouts with the value for each element identiﬁed.
A. Optimization procedure and candidate layouts
For the default conventional nonlinear shock strut, using the values in Table 1, it can be calcu-
lated that ηsd = 81.5%, Fsmaxd = 6380.3 lbF, ssmaxd = 0.53 ft and |Vendd| = 2.09 ft/s (the additional
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subscript `d' stands for `default'). Amongst the four performance criteria introduced in Section II.C,
ηs, Fsmax and ssmax will each be used as the optimization objective function with the constraint
that the remaining three performance criteria must be no worse than that with the default conﬁg-
uration. For all the optimizations carried out in the present work, we used the Matlab command
patternsearch ﬁrst and then fminsearch for ﬁne-tuning of the parameters. Note that during
the optimization process, no restriction due to practical implementation consideration is placed on
the parameter values. Instead we consider whether the parameter values are practical after the
optimization stage.
Fig. 4 illustrates the four candidate shock-strut layouts: L1 is the conventional parallel spring-
damper layout; L2 is a parallel spring-damper-inerter layout; L3 is the layout of a series inerter-
damper arrangement in parallel with a spring; LY represents a general shock-strut layout with a
spring in parallel. Layouts L1L3 are proposed to allow an investigation of the potential performance
advantages of layouts with the lowest complexity. Note that for each layout, the spring in parallel,
ks, ensures that the landing gear is capable of supporting the aircraft at the rest position. The lower
bound for the stiﬀness of this spring is set such that the deﬂection of the gear matches that of the
default gear when statically supporting the aircraft (ss = 0.50 ft for a force of 2464.9 lbF), giving
ks = 4884.2 lbF/ft. (14)
For each layout, optimizations will be conducted for the case where ks = ks and for ks > ks.
L1 L2 L3 LY
Fig. 4 Four candidate shock-strut layouts.
Layout LY allows for a more complex mechanical structure to be used for improving the touch-
down performance. It is represented by a general positive-real frequency function Y (s), which can
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be realized by a network consisting of springs, dampers and inerters using the network synthesis
method [35]. Similar to layouts L1L3, the parallel spring ks is also included in LY to ensure that
the gear has suﬃcient static stiﬀness. The force-velocity relationship of this layout is given by
F˜s(s) = (Y (s) +
ks
s
) ˜˙ss(s), (15)
where s is the Laplace variable, F˜s(s) and ˜˙ss(s) represent the force and the relative velocity of the
strut in the Laplace domain, respectively. In order to obtain relatively low-complexity layouts while
covering a reasonable range of possibilities, Y (s) is set to be a biquadratic function, in which the
numerator and denominator are second-order functions of the Laplace variable,
Y (s) =
As2 +Bs+ C
Ds2 + Es+ F
. (16)
The parameter values (A, B, · · · , F ) are selected through the optimization with the condition that
they are all non-negative. For mechanical vibration absorbers, minimizing network complexity is
crucial due to space and weight limit. A series of network synthesis results have recently been
obtained on eﬃcient realizations of the positive-real biquadratic impedances expressed in Eq. (16)
([3638]). For the case where ks is ﬁxed to ks, the constraint F > 0 is included to ensure that Y (s)
does not require an additional parallel spring to supplement ks. Based on the values of A, B, · · · , F
identiﬁed via optimization, the relevant network can be identiﬁed and normally contains at least
ﬁve elements. Then to examine whether a simpler layout may be used, a simpliﬁcation procedure is
employed. Firstly, we study whether the performance deteriorates notably when the least signiﬁcant
element(s) is/are removed. Similar procedures have been successfully demonstrated in [18, 25].
Secondly, a new optimization is carried out for the remaining element values based on this simpliﬁed
network layout.
B. Identiﬁed beneﬁcial conﬁgurations
The optimization results are summarized in Tables 2 and 3. Note that the subscripts η, F and
s are used to indicate the results using ηs, Fsmax and ssmax as the objective function, respectively;
v is used to specify the case when ks is allowed to be variable (the ks > ks case).
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Table 2 Optimization results using layouts L1L3†
Conﬁgurations Performance Layouts Optimum parameter values
ηs Fsmax(lbF) ssmax(ft) (lbF/ft, lbF · s/ft, lbm)
Default 81.5% 6380.3 0.53 - -
C1ηv 84.7%(3.9%) 5787.4 0.53 L1 ks = 7126.2, c = 796.1
C2ηv 90.0%(10.4%) 5353.4 0.53 L2 ks = 9159.8, c = 519.5, b = 9.4
C3ηv 92.8%(13.9%) 5248.5 0.50 L3 ks = 19492, c = 40715, b = 9.4
C1Fv 81.9% 5581.0(12.5%) 0.53 L1 ks = 9043.9, c = 535.2
C2Fv 92.4% 5014.5(21.4%) 0.53 L2 ks = 16163, c = 60.21, b = 18.1
C3Fv 92.3% 5003.9(21.6%) 0.53 L3 ks = 16927, c = 12171, b = 19.2
C1sv 81.5% 6380.3 0.43(18.9%) L1 ks = 12109.6, c = 772.6
C2sv 88.5% 6380.3 0.37(30.2%) L2 ks = 22794, c = 374.3, b = 19.4
C3sv 83.2% 6380.3 0.39(26.4%) L3 ks = 22755, c = 1471.8, b = 33.3
† % improvements are given in bracket for the criteria being optimized. Same notations apply to other
tables in this work.
Considering layouts L1L3, no improvement over the default system was identiﬁed for the case
where ks = ks. Hence Table 2 only summarized the results for the ks > ks case. The conﬁguration
C1ηv can provide a 3.9% improvement in ηs, which is not signiﬁcant compared with conﬁgurations
C2ηv and C3ηv, where up to 10.4% and 13.9% performance improvements can be obtained, respec-
tively. The beneﬁts of including an inerter can be seen by comparing the performance obtained with
C2ηv and C3ηv to that of the inerter-free C1ηv. Improvements in ηs performance of 6.3% and 9.6%,
respectively, are achieved, which can be attributed to the inclusion of an inerter. However, it should
be noted that in C3ηv a much higher damping value is required, which is likely to be impractical.
Further optimizations found that the performance beneﬁts seen with C3ηv will be reduced if we
adopt a smaller damper. In order to achieve the same level of improvement in ηs as C2ηv, i.e.
10.4%, the damping required for the optimal C3ηv is nearly triple that of C2ηv and the inertance is
doubled. Therefore, we take the view that C2ηv is more beneﬁcial than C3ηv from the practicality
perspective. Results with Fsmax as the objective function indicate that C1Fv can reduce Fsmax by
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12.5% compared with the default performance, and 21.4% and 20.7% improvements can be obtained
respectively by the optimum conﬁgurations C2Fv and C3Fv. Similar to the eﬃciency optimization
case, it can be seen that a large damping is required for C3Fv and a reduced damping leads to
a reduced performance improvement. For the optimization over ssmax, it can be seen that C1sv
helps reduce ssmax by 18.9% compared with the default conﬁguration. In addition, for C2sv and
C3sv, the percentage improvements compared with the default performance are 30.2% and 26.4%,
respectively.
The optimum results for layout LY are summarized in Table 3. In contrast to the simpler layouts
L1L3, when ﬁxing ks, a 14.0% improvement in strut eﬃciency can be obtained by CYη. Using
relevant network synthesis theory, its mechanical network is realized by a conﬁguration consisting of
three dampers, one inerter, one spring and ks. However, two of the dampers can be removed since
their values are small (when in parallel) or large (when in series) compared with the remaining ones.
Thus the mechanical layout of CYη, labelled L4, is a four-element network, as shown in Fig. 5. A
further optimization over L4 in which b is removed is carried out but no optimal solution is found.
This suggests that the performance improvement obtained by CYη using L4 requires the inclusion
of the inerter. Conﬁguration CYηv provides the maximum improvement in ηs, however a much
more complex network, nine-element network excluding ks, is required. The slight performance
improvement compared with CYη probably does not compensate for the diﬃculty in design and
manufacture of this conﬁguration, hence we disregard it. It can be seen from Table 3 that a 21.6%
improvement in Fsmax can be obtained by the conﬁguration CYF . The network realization of this
transfer function is identiﬁed and shown in Fig. 5 as layout L5. In this layout, an inerter is in
parallel with the supporting stiﬀness, as well as a combination of two dampers and an internal
spring. Note that layout L5 can be reduced to L2 if c1 in L5 is set to inﬁnity. The similarities of
the parameter values between the two conﬁgurations, CYF and C2ηv, are observed. The maximum
performance advantage using Fsmax as the objective function is obtained by CYFv, with up to
22.0% improvement. The resulting mechanical network, labelled L6, is illustrated in Fig. 5. Note
that layouts L5 and L6 consist of ﬁve mechanical elements but in diﬀerent arrangements. As for
optimizing over ssmax, the case with a ﬁxed supporting stiﬀness, ks = ks, a maximum improvement
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of only 5.7% is obtained. Allowing ks to vary results in more complex layouts than L2 and L3 but
with no improvements over them. Hence the ssmax objective function results are not listed in Table
3.
Table 3 Optimization results using layout LY
Conﬁgurations Performance Layouts Optimum parameter values
ηs Fsmax(lbF) ssmax(ft) (lbF/ft, lbF · s/ft, lbm)
Default 81.5% 6380.3 0.53 - -
CYη 92.9%(14.0%) 5187.0 0.50 L4 ks = 4884.2, c = 5362.9, k1 = 15633,
b = 19.7
CYηv 93.2%(14.4%) 5266.3 0.49 - -
CYF 91.2% 5004.9(21.6%) 0.53 L5 ks = 4884.2, c1 = 3817.1, c2 = 404.9,
b = 9.4, k1 = 6874.1
CYFv 92.0% 4976.5(22.0%) 0.53 L6 ks = 8049.2, c1 = 8492.6, c2 = 9089.1,
b = 20.6, k1 = 9031.3
L4 L5 L6
Fig. 5 Layouts L4L6, which corresponds to conﬁgurations CYη, CYF and CYFv.
In summary, considering the performance improvements and practical parameter values, we treat
C2ηv and CYη as the optimum conﬁgurations for the ηs performance, C2Fv, CYF and CYFv as the
optimum conﬁgurations for Fsmax performance, and C2sv and C3sv as the optimum conﬁgurations
for ssmax performance. Also of interest are C1ηv, C1Fv and C1sv, as linear conﬁgurations in which
no inerter is present. The load-stroke curves provided by these conﬁgurations, as well as the default
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one, are compared in Fig. 6. Note that the curves in Fig. 6 all ﬁnish at the end of the compression
stroke. The shorter curves in Fig. 6(a) and (c) indicate that when the ﬁrst compression process is
ﬁnished, the maximum strokes the struts reach are smaller than the baseline system.
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Fig. 6 The load-stroke curves improving (a) ηs, (b) Fsmax and (c) ssmax.
C. Energy analysis of beneﬁcial inerter-based struts
Up to this point, we have considered the energy absorption ability of the strut using ηs. A more
detailed investigation into how much energy is dissipated and stored during touch-down process is
now presented. The work-energy principle can be applied, to give
∆Ek + ∆Ep = Wd +WL, (17)
where ∆Ek and ∆Ep represent the change of the kinetic and potential energy in the system, Wd
and WL are the work done by the damper(s) of the strut and the lifting force L, respectively. Here,
∆Ek = Ek(tend)− Ek(0), (18)
∆Ep = −W1 · z1(tend)−W2 · z2(tend) + Ept + Eps, (19)
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WL = −L · z1(tend), (20)
where Ek(0) and Ek(tend) denote the kinetic energy of the system just prior to the tires making
contact with the ground and at the end of the compression stroke respectively. Ept and Eps are
the potential energy stored in the tires and the shock struts at the end of the process, respectively.
Substituting Eqs. (1), (2), (18), (19), and (20) into (17) gives
Ek(0) = Ek(tend) + Ept + Eps −Wd +W2 · ss · cosφ, (21)
which means the original kinetic energy of the system is transformed partially to the stored potential
energy in the tires and the strut, the work done by the gravity, as well as dissipated by the strut.
Table 4 Energy distributions of the beneﬁcial conﬁgurations
Conﬁgurations Ek(tend)(lbF · ft) Ept(lbF · ft) Eps(lbF · ft) (−Wd)(lbF · ft) W2 · ss · cosφ(lbF · ft)
Default 172.5 230.1 353.7 2157.5 67.8
C1ηv 151.8 400.8 955.4 1525.7 67.8
C2ηv 18.3 576.5 1170.3 1268.2 67.8
CYη(L4) 146.7 595.2 1941.6 353.4 67.8
C1Fv 73.9 645.9 1212.5 1100.9 67.8
C2Fv 172.5 517.5 2156.4 186.7 67.8
CYF (L5) 0.2 722.8 1225.0 1085.1 67.8
CYFv(L6) 156.0 561.3 2153.5 162.3 67.8
C1sv 156.4 760.2 1064.3 1065.1 54.9
C2sv 7.0 1076.7 1463.8 540.0 46.8
C3sv 0.2 1094.1 1665.2 292.2 49.4
Table 4 summarizes the individual energy distributions by the default nonlinear and optimal
shock-strut conﬁgurations. Note Ek(0) is not included in the Table since this term is the same
for all conﬁgurations, Ek(0) = 3100.5 lbF · ft. It can be seen that the term W2 · ss · cosφ is small
compared with Ept, Eps and −Wd. Therefore, Table 4 illustrates that the reduced kinetic energy is
mostly transformed to the potential energy, stored in the tires and shock struts, as well as the energy
dissipated by the damping eﬀects of the shock strut. It can also be seen that the maximum work
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done by the dampers −Wd is achieved by C2ηv, which is still signiﬁcantly less than that achieved
by the the default strut. Moreover, compared with the default conﬁguration, more potential energy
is stored in the shock strut, as well as in the tire compliance. This will pose challenges for the
design of the strut elongation process and may even lead to a rebound. Hence an energy dissipation
constraint is implemented in the next section.
IV. Optimization results with an energy dissipation constraint
Further investigations with an extra constraint on energy dissipation are discussed in this sec-
tion. It will be shown that with this constraint, limited improvements can be provided by the
layouts proposed in Section III. The reason for reduced improvements will be discussed. Conﬁg-
urations with a double-stage supporting spring are then proposed, which can achieve signiﬁcant
performance advantages.
A. Identiﬁed beneﬁcial conﬁgurations with a linear supporting spring
To ensure good energy dissipation capability, the constraint that the energy dissipation is no less
than that by the conventional strut, 2157.5 lbF, is implemented. However, the optimizations found
no results if considering 2157.5 lbF as the energy dissipation constraint directly. This is because a
linear spring with ks ≥ 4884.2 lbF/ft is used as the static spring here. Such a spring stores more
potential energy at the end of touch-down process than that of the nonlinear spring in the default
system. Then with the energy dissipation constrained to be no less than 2157.5 lbF, the total work
done by the linear strut is inevitably more than the nonlinear system, resulting in either Fsmax or
ssmax exceeding their constraints. Two approaches are considered here to overcome this, ﬁrstly the
energy dissipation constraint requirement is relaxed by 10% to 1941.8 lbF. Later, in Section IV.B,
a double-stage static spring is considered. The strut eﬃciency and the maximum strut load will
be used as the objection functions. In addition, ks is ﬁxed to ks to minimize the potential energy
stored in the supporting spring at the end. Note that the maximum stroke will not be optimized
since as discussed in Section III.B the static stiﬀness is ﬁxed and the maximum improvement is
limited to 5.7% (from ssmax equals 0.53 ft to 0.50 ft).
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Table 5 Optimization results with the linear ks considering the energy dissipation constraint
Conﬁgurations Performance Layouts Optimum parameter values (−Wd)
ηs Fsmax(lbF) (lbF/ft, lbF · s/ft, lbm) (lbF · ft)
Default 81.5% 6380.3 - - 2157.5
C4η 89.3%(9.6%) 6070.13 L4 ks = 4884.2, c = 1286.1, k1 = 43351, 1941.8
b = 24.7
C5η 89.3%(9.6%) 6111.8 L5 ks = 4884.2, c1 = 1317.6, c2 = 2.4 × 10−11, 1941.8
b = 25.1, k1 = 43927
C4F 88.7% 5803.5(9.0%) L4 ks = 4884.2, c = 1043.2, k1 = 42033, 1941.8
b = 21.8
C5F 88.7% 5803.7(9.0%) L5 ks = 4884.2, c1 = 1042.4, c2 = 0.04, 1941.8
b = 21.9, k1 = 41706
For the optimization, L4L6 in Fig. 5, which can provide performance advantages in ηs and
Fsmax, are used as the candidate layouts (subscripts `η' and `F ' are used to specify). Since the
layout L6 exhibited no improvements in the two objective functions, the optimization results are
not presented here. Considering layouts L4 and L5, the corresponding conﬁgurations are labelled C4
and C5. Table 5 summarizes the performance beneﬁts and parameter values for these conﬁgurations.
It can be seen that ηs is increased by 9.6% using either C4η or C5η over the default conﬁguration.
The optimization gives c2 = 2.4 × 10−11 lbF · s/ft for C5η, suggesting that removing c2 is possible
to simplify this conﬁguration. Hence C4η (row 2) is the most optimum conﬁguration for this case,
and its load-stroke curve is plotted in Fig. 7(a). Considering Fsmax, it is found that the maximum
beneﬁt over the default conﬁguration is obtained by C4F , with a 9.0% improvement. Again we
ﬁnd that the C5F conﬁguration simpliﬁes to C4 (as c2 is small, see row 5 of Table 5). The load-
stroke curves with the conventional strut and C4F (row 4) are plotted in Fig. 7(b). Note that in
this optimization case, L1L3, and L4 with the inerter excluded, do not provide any improvement
in ηs or Fsmax comparing with the baseline system. This suggests that the performance beneﬁts
using layout L4 are attributed to the inclusion of the inerter. For both objective functions, the
improvements listed in Table 5 compared to Table 3 are reduced. This is because if we consider
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the energy dissipation constraint, namely, (−Wd) ≥ 1941.8 lbF · s/ft, the total work done by the
optimized shock strut here exceeds that of the cases without the energy dissipation constraint. This
may lead to a higher Fsmax and also a worse ηs performance. Rather than considering a minimum
energy dissipation constraint of 1941.8 lbF (10% less than the default) if we consider 2157.5 lbF
(5% less), the performance improvement of ηs with the layout L4 is reduced to 5.6%, but with the
advantage that the extension stroke is likely to be improved.
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Fig. 7 The load-stroke curves obtained with (a) C4η and (b) C4F .
B. Proposing double-stage supporting spring
Recall that the minimum spring stiﬀness ks = ks was selected such that the spring deﬂection
matched that of the air spring when subjected to the aircraft static load. This point is indicated by
a red dot in Fig. 8. The ﬁgure shows the force-deﬂection relationship for the full compression stroke
(up until ssmax = 0.53 ft). It can be seen that during the compression of the spring the stored
energy of the linear spring far exceeds that of the nonlinear device. When the energy dissipation
constraint is considered, the limitation of performance beneﬁts is inevitable as discussed in Section
IV.A.
A supporting spring with a double-stage, or progressive-rate, supporting stiﬀness is now intro-
duced. The force-stroke relationship of the double-stage spring is given as
Fk =

ks1ss if ss ≤ ssx
ks2(ss − ssx) + Fsx if ss > ssx
where Fk is the supporting spring force, ks1 and ks2 are the two spring rates. Here ssx and Fsx are
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the stroke and spring force where the two rates intersect in the force-stroke curve and are treated
as parameters to be optimized. As with the linear spring ks, the double-stage one is designed
to support the aircraft under the same stoke with the nonlinear air spring. An example force-
displacement relationship is shown in Fig. 8. From the ﬁgure it can been seen that the double-stage
supporting spring provides the possibility that its stored potential energy (right-slanted-shading
region in Fig. 8) could be less than that by the nonlinear spring (left-slanted-shading region in
Fig. 8) when reaching the maximum stroke.
Fig. 8 Force-deﬂection relationships with the air spring and two kinds of ks.
C. Identiﬁed beneﬁcial conﬁgurations with a double-stage supporting spring
If we use the double-stage spring in the L1 layout, the optimization can identify considerable
improvements in performance, which are 7.6% in ηs by C1η2 and 14.1% in Fsmax by C1F2. However,
we can not regard these conﬁgurations as beneﬁcial ones since the load-stroke curve provided by
C1η2 or C1F2 experiences a sudden change. We take C1η2 as an example here. The parameter
values of C1η2 are summarized in Table 6 and the load-stroke curves obtained with the default and
C1η2 (black line) conﬁgurations are illustrated in Fig. 9(a). It can be seen that the upper and lower
masses will also undergo sudden changes in their accelerations towards the end of the stroke, which
will lead to passenger/crew discomfort and additional structural loading. Similar conclusions can
be obtained for C1F2, as well as the optimization using L2 and L3. Therefore, we will not include
the results of the optimal C1C3 with a double-stage spring here. Instead, since the layout L4 is
regarded as the most optimum layout in the previous optimization, this layout will be used as an
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example layout to illustrate the beneﬁts of the double-stage supporting spring. Note that the exact
energy dissipation constraint, (−Wd) ≥ 2157.5 lbF · s/ft, is considered in this case. The results of
optimization are illustrated in Table 6. The subscript `2' is used to specify this case. It can be
seen that up to 11.9% improvement in ηs can be obtained using the conﬁguration C4η2. Moreover,
the layout with diﬀerent parameter values, i.e. C4F2 can also reduce Fsmax by 20.0% comparing
with the default conﬁguration which represents a signiﬁcant improvement of the 9.0% reduction
achieved with the linear spring (C4F , Table 5). The load-stroke curves for these two conﬁgurations
are illustrated in Fig. 9. We note that for both cases the ﬁrst stage stiﬀness is negligible.
Table 6 Optimization results with the double-stage ks considering the energy dissipation con-
straint
Conﬁgurations Performance Layouts Optimum parameter values (−Wd)
ηs Fsmax(lbF) (lbF/ft, lbF · s/ft, lbm) (lbF · ft)
Default 81.5% 6380.3 - - 2157.5
C1η2 87.7%(7.6%) 5482.0 L1 ks1 = 520.1, ks2 = 78344, c = 975.9 2157.5
C4η2 91.2%(11.9%) 5230.7 L4 ks1 = 0.9, ks2 = 22011, c = 1060.7, 2157.5
b = 15.4, k1 = 43697
C4F2 90.10% 5101.5(20.0%) L4 ks1 = 3.1, ks2 = 36899, c = 985.1, 2157.5
b = 10.4, k1 = 53305
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Fig. 9 The load-stroke curves obtained with (a) C1η2, C4η2, and (b) C4F2.
20
V. Conclusions
This paper has investigated the potential aircraft touch-down performance beneﬁts with inerter-
integrated shock struts for a landing gear. Based on a 2DoF model with the conventional oleo-
pneumatic shock absorber, the baseline touch-down performances are obtained. Guaranteeing that
the optimum shock struts absorb at least the same level of kinetic energy as the baseline system,
the optimizations have been carried out. Using three diﬀerent objective functions, the strut ef-
ﬁciency, the maximum strut load and the maximum strut stroke, up to 14.0%, 22.0% and 30.2%
improvements are obtained respectively. The advantages of the inclusion of an inerter have also been
investigated. An energy analysis shows that for the beneﬁcial conﬁgurations, more potential energy
will be stored in the strut and via tire compliance at the end of the strut compression process. Hence
an energy dissipation constraint is implemented and the beneﬁcial layouts obtained in the previous
optimization are used as the candidate layouts. The objective functions of the strut eﬃciency and
the maximum strut load are considered and the performance improvements are reduced to 9.6% in
the strut eﬃciency and 9.0% in the maximum strut load. It has then be presented that the limitation
on performance beneﬁts lies in the energy dissipation constraint and the linear supporting stiﬀness
used. Then conﬁgurations with double-stage supporting springs are introduced. It has been shown
that up to 11.9% and 20.0% improvements in the strut eﬃciency and the maximum strut load can
be obtained, respectively.
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